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Abstract

Add the same floating-point numbers in a different order, and the
last bits of the sum can change. A parallel reduction groups its
input by worker count, and one program can then return different
bits on different worker counts. Hence, a promise of bit-for-bit
reproducibility depends on an unannounced schedule.

A floating-point value’s determinism is a demand carried on the
value, one that holds only if every operation that ever touched the
value obeyed it. Almost every mechanism the field has built to gov-
ern reordering is instead attached to a site, either a grant, a licence
to reorder at one place in the program text, or a demand checked
there alone. A grant is true where it is written. A demand’s truth is
settled upstream, by the value’s history, which no single site can see.
We present the Replay Lattice: three schedule-class contracts, exact
below replay below approx, carried on every value of a dataflow
array language, joined over the dependency path, checked at each
declaration, and discharged into backend lowering obligations.

Two theorems come with the lattice. Soundness is a two-run in-
duction over the dataflow graph, mechanised in Coq. The poisoning
law says one free reordering taints everything downstream, and
its proof is one line on top of the join. The result is a language in
which these bits must not depend on the schedule is a sentence the
compiler checks.
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1 Introduction

Add 0.1, 2.2 and 0.3 as doubles. Grouped left to right you get
0.6000000000000001; groupedas@.1 + (0.2 + 0.3),youget0.6.
However, the programmer does not choose which grouping a par-
allel program performs. A parallel reduction chunks its input by
worker count, which is whatever the deployment provides.

This is more than a rounding curiosity. When a phylogenetics
group reran 10,179 published datasets with only the parallelism
changed, 31% of them came back with different answers [39]. §7.5
replays that failure inside the artefact, with the repair beside it. The
same effect is why a bit-exact regression test breaks under a new
thread count, and why, in machine-learning inference, one prompt
can yield different tokens depending on what else the server was
batching [19].

We maintain a data-parallel array language whose purpose is
reproducibility. While making it production-ready we hit an opti-
miser bug in its compiler, and that incident forced the discipline of
carrying the demand through lowering.

The program it broke, in four lines:

X := indices(count: 100000.0)
a := sum(x)

replay b := sum(x)

return a - b

Our optimiser merged the two folds, because they were identical
in every property it modelled, and silently pinned a value nobody
had asked to pin. We expand upon the fix in §6.3. The language is
our own and unreleased, which is why it is not named; no claim
below rests on a measurement of it. We implement the checker for
lanelang, a demonstration language built for this paper and released
in full as a public artefact (Appendix A). The lattice itself is tied to
neither language, because all it reads is a dependence graph and a
table of operation classes.

Almost every mechanism the field offers is attached to a site,
and half are grants, licences saying you may reorder here. Table 1 is
a census of these mechanisms. Seven of its rows state a demand,
and six of the seven attach to something other than a value, among
them the per-call determinism level of CCCL, NVIDIA’s CUDA Core
Compute Libraries [3]. The exception is GLSL’s precise, which is
a demand on a value, and the closest row to what this paper builds.

Reproducibility is not a grant. “These bits must not depend
on the schedule” is a demand attached to a value, and the site that
writes it cannot check it, because the folds that decide those bits
sit upstream, in code the site cannot see, and which schedule they
ran under was the deployment’s choice. The join is what makes the
demand checkable. This subject admits no escape downstream of a
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free fold, because the rounding has already happened, and no later
operation recovers the discarded low bits.

Our evidence for the gap is where the existing mechanisms
stop, and CCCL’s stopping point is visible in its source. In par-
ticular, level resolution consults only the current call so that a
not_guaranteed result may feed a run_to_run call, the weakest
level feeding a stronger one, with no diagnostic anywhere [33].
The scheme answers the local question well and cannot ask the
composition question at all, because no determinism level outlives
the call.

What this is. This work is a type system for one property of
one value, not a compiler, not a numerical method, and not a claim
that any one schedule is the right one. Every number is asserted or
printed by a numbered check a reader can run and listed against
its claim in the artefact (Appendix A). A control is a fault staged on
purpose for a check to catch, and one that does not fire fails the run.
The exceptions are flagged where they occur: a few measurements
come from one machine with no check behind them, and claims
about the production compiler are observations a reader cannot
rerun. §2 weighs the prior art on ordering, and §9 covers the rest.

Contributions.

1. The reframing of a floating-point schedule class as a demand
carried on a value, and the type system it forces: three
classes, a join over the dependency path, an inference pass
that strengthens a producer only where nothing outside the
demand reads it, and per-class backend lowering obligations
(§3, §4, §6).

2. A reading of the class at lowering time that allows fusion,
tiling, reordering and reduction splitting wherever they
keep the grouping a demand fixes, and forbids merging
twin reductions under value numbering (§6.3).

3. A mechanised soundness theorem for a schedule-indexed
semantics, proved by two-run induction and checked in
Coq with the poisoning law beside it, conditional on two
stated assumptions, Assumptions 1 and 2, the first made
concrete as a table (§3.5, §5).

4. An evaluation that reports its positive evidence with figures,
then audits itself, finding and repairing ten occasions on
which a passing check of ours had proved nothing (§7).
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2 Grants and demands

Try to write the requirement these bits do not depend on the schedule
in any system in Table 1. The first thing to look for is a promise
that sits on the value itself, not on some line of code the value once
passed through. Second, it has to be a requirement, not a permission
to reorder. Third, somebody has to actually check it, over everything
that ever touched the value. Fourth, it has to become an obligation
on whoever picks the schedule. Go and look.

2.1 Determinism-safe languages

Every language that computes in floating point has a schedule: an
order in which its reductions combine, set by the width at which
they block or by a worker count that may vary between runs.
However, almost none enforces anything about it. Reproducibility
is lost in the gap between knowing and enforcing.

This paper borrows type safety as its framing, the property Mil-
ner proved, that well-typed expressions cannot “go wrong” [29].
Every JavaScript value knows its own type at runtime, and yet
'1' + 1becomes '11': the language coerces instead of refusing.
Knowing a type and enforcing one are different things. Determin-
ism non-safety can be defined in the same way, just on the topic
of the schedule. If you add a schedule-pinned value to a value that
is not, and the language coerces them together, then we can call
it determinism-unsafe. Therefore, the remedy is the same as the
type-safe one, which is refusal. We also place it at the declaration.
What differs is that we must check everything that ever touched
the value, not just the expression at that line.

With that in mind, we say a language is determinism-safe when
five criteria hold:

(i) Every value carries a schedule-determinism class.
(if) The class is a function of the value’s whole history, whereas
a per-site knob is a function of the site where it is written.
(iii) A declaration states a required class and is checked against
the computed one.
(iv) Violation is rejection, not advice, not a warning, not an
inhibited optimisation.
(v) Acceptance discharges into a stated obligation on whoever
picks the schedule.

Table 1: Mechanisms that govern reorder freedom: what each attaches to, and where its truth is settled.

System The knob Attached to Direction Enforced? Discharged into
LLVM/MLIR [49, 50] reassoc, contract an instruction or operation grant no the optimiser

SPIR-V [48] the FPFastMathMode decoration an instruction grant no the driver

Icing opt: [8] a scope in the value grammar an expression grant verified a verified compiler
Futhark reduce [46] a promise an operator grant no the compiler

Halide rfactor [40] a proved associativity a schedule directive grant in the reals the schedule

OpenMP [34] the reduction clause a construct grant no the implementation
MPI_REDUCE [28] an implicit reorder licence a collective call grant no the implementation
CCCL require [3, 33] a level one call demand at that call only a kernel choice
oneTBB reduce [52] a split/join fixed per partitioner one call demand no a library kernel

Batch invariance [19] an order fixed by extent one kernel demand no the implementation
Kernel contracts [53] a three-level class one kernel demand by repeated invocation a conformance verdict
IEEE 754 [20] a reproducibility attribute a lexical block demand by the language the implementation
LS-DYNA [25] the consistency flag arun demand no the solver

GLSL precise [47] a qualifier a value, and its producers demand no computed class the shader compiler
This work a lane (§3) a value demand whole path backend obligations
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Only the subject of these five criteria is new. Substitute a
secrecy label for the class and the emitted instruction sequence for
the schedule, and they describe a checked information-flow system.
Volpano, Irvine and Smith first proved one sound in 1996, and its
soundness theorem is already the two-run induction this paper’s
proof uses [54]. Under that substitution, FaCT goes further and
satisfies all five for constant-time execution [11].

Run Table 1 against these five criteria, and every row above ours
fails. A grant states no class at all. Leaving a grant out does not
state one either. A strict default or a sequential fold may fix the
order at one site, but the code does not say that anything depends
on that order. The requirement is invisible to the next person who
changes the code, and to the next compiler pass. A demand attached
to a site states one, and the site cannot see the value’s history.
GLSL’s precise names one on the value and never computes it.
A determinism-safe language is one where all five criteria hold at
once.

Determinism-safe does not mean deterministic, since a language
can produce the same bits every run on one machine and be
determinism-unsafe, because no rule prevents a future schedule
from changing them.

2.2 Why a demand is not settled locally

Two kitchen labels make the point. May contain nuts is settled at
the dish that carries it. Contains no nuts is a claim about every
ingredient that ever entered the pot, one nut anywhere falsifies it,
and no later stirring takes it back out.

A grant is the first kind of sentence, existential over one site:
this operation may have been reordered. Because its truth is settled
locally, a second grant elsewhere cannot falsify it. In kitchen terms,
you are “granting” the dish permission to contain nuts, rather than
requiring their absence.

A demand is the second kind, universal over a history: no oper-
ation that contributed to this value can be reordered in a way that
depends on the schedule. Its truth quantifies over the value’s ingre-
dients, every input that fed it, directly or through others. Adding
one operation anywhere in that history can falsify it, and no later
operation can repair it, because the rounding it performed is already
in the bits.

This one-way loss is the poisoning law, and it is why a per-call
API is not simply inconvenient but inexpressive. When CCCL’s
run_to_run reduction receives a pointer, the pointer is an unla-
belled jar: it carries no history.

By contrast, GLSL has carried a demand on a value, where
precise forbids reassociation and contraction, and propagates back-
ward to “operations contributing to a variable’s value”, although
only within one function [47]. The demand is on the value, and the
reasoning is still per-function.

2.3 A property of two runs

The kitchen analogy explains why the whole history matters. Repro-
ducibility adds another requirement, which is that the value must
agree across two runs under different schedules. Calling a value
schedule-invariant compares one run under schedule s with an-
other under s, bit for bit, and the literature calls such pair-of-runs

properties 2-safety [13]. A check attached to one call sits inside a
single run and cannot see the other.

The join is what makes a 2-safety demand checkable here. It
summarises the entire dependency path into one lattice element
that travels with the value, which means a local comparison at
the declaration site suffices. One fold left free upstream joins in
as approx, and every expression its result touches inherits that. A
declaration demanding replay then fails locally, no matter how far
away the fold was. This approach draws on information-flow con-
trol [54], made for thread scheduling by observational-determinism
type systems [41, 55], whose subject is interleaving on a shared
location. A reduction lowered here has no interleaving to observe,
because each worker owns its accumulator and the combine reads
them in a fixed order.

2.4 The standard already drew this line

Clause 5 of IEEE 754 requires each basic operation to be correctly
rounded, and both groupings in the opening example obey it. The
bits differ anyway, because nothing varies between them except the
bracketing, which is why per-operation correctness cannot carry
reproducibility. The standard draws the same line itself: reductions
sit in a subclause of their own, 9.4, which says implementations
“may associate in any order or evaluate in any wider format” [20].
And the clause titled “Reproducible floating-point results” has never,
since it arrived in 2008, covered 9.4, which means a reordered 9.4
sum can change its bits and break no clause.

2.5 Where checked guarantees stop

Several checked systems come close to the five criteria. This section
asks one question of each: where does the checked guarantee stop?
The answer is always a deliberate escape, a marked place where the
programmer steps outside the check. DPJ, Deterministic Parallel
Java [10], checks memory effects and takes the programmer’s word
for commutativity, as its authors state plainly: commutativity “is
not checked by the compiler”. Ener], a type system for approximate
computing [37], keeps such values out of precise code, except where
the programmer endorses one back in.

The schedule is the subject on which no escape can be built.
Both escapes above hand the programmer something to certify,
Ener] a tolerated loss in a domain built to absorb one, a pixel or
two wrong, and DPJ an unchecked annotation in the source, where
a reader can grep for it and weigh the assumption. A reordered
sum leaves neither. The low bits each rounding discarded are gone;
the bits that remain are whatever the schedule made them, and the
poisoning law proves the direction: a value that reached approx
cannot be brought back. So where Ener] and DPJ may summarise a
history, certify it and drop it, this design has to carry the history
on the value. The class therefore rides the value and joins along
the dependency path, and the five criteria are forced, being what
checking looks like when the history cannot be dropped.

The Replay Lattice’s one escape is where bytes enter from outside
the program. An example is an input file. Knowing whether it will
hold the same bytes run to run is a fact about a deployment instead
of arithmetic, which means no checker can decide it. A blessing
(§4.6) lets a programmer take that obligation on in writing, such as
a checksum the run verifies.



3 The Replay Lattice as a type system

Lanelang, the demonstration language, represents programs as
dataflow graphs of bulk array operations over double. It is pure,
first-order and single-assignment, and its graph is acyclic apart from
one carried edge per recurrence. Schedules parameterise reduction
grouping rather than shared-memory interleaving.

3.1 The three classes

The lattice has three points, the classes, and each is defined by the
set of schedule pairs across which a value’s bits must agree. The
class a value carries is its lane (not the vector sense). A lane is this
system’s analogue of an information-flow label. All of this lives at
compile time, and no class is carried or checked at runtime.

« exact: the value equals the serial reference oracle’s result
under the fixed build (one toolchain and ABI). For example,
a strict left fold used as the designated reference.

replay: the bits agree across every schedule in S (§5.1),
whatever the worker count or traversal order; the host com-
piler, vector width and ABI sit outside S. It is parallel, and
the name is the point, because you can rerun the program
under a different worker count and the bits replay exactly,
which is what an audit needs. For example, a fixed reduction
tree whose shape depends only on the input shape.
approx: no constraint. Reorder freely, maximum parallelism,
schedule-dependent bits. Its kernel is the free kernel, which
may reassociate.

exact does not require correct rounding. It is a schedule
claim, equality with a named reference, and an oracle-order float
fold accumulates rounding error like another; it simply accumulates
the same error every time. The class asks for agreement across every
schedule and equality with the reference, and an error-reducing
kernel (Kahan [21], Neumaier [32], a long accumulator [22]) is
neither required nor sufficient.

C
exact — replay approx

U ‘ exact replay  approx

exact exact replay  approx
replay | replay replay approx
approx | approx  approx  approx

Figure 1: The lattice and its join.

Why both replay and exact. Across S the two classes are
equally reproducible, and they differ in who fixes the order. Under
replay the backend fixes it, and may fit it to its target provided the
schedule never moves it. Under exact the program fixes it as the
serial reference, and every backend must reproduce that answer.
In a language standard’s terms, approx leaves the reduction order
unspecified, replay makes it implementation-defined, and exact
specifies it. replay is what ships, and exact is the answer a test, a
plain loop or another implementation can be held to.

Why approx is the default. Defaulting to replay would change
every unannotated program’s bits on the day the flag flips, and a
discipline adopted only by a rewrite does not get adopted.

M. A. ). Haddon

3.2 The lattice and the join

The guarantees in §3.1 are nested, so their strength determines the
ordering in Figure 1. The classes form a chain, and their join is
max. Theorem 2 (§5.4) is then one line, because the order has a top.
Read L as substitutability, meaning a stronger guarantee may flow
wherever a weaker one is demanded, and the reverse is refused.

3.3 Where alane attaches

A lane is demanded with a qualifier, written bare where a value
gets its name, and the qualifier has three positions, one line each:

replay energy := sum(x)
func f(replay v Float)
func f() replay Float

// on a binding
// on a parameter
// in a return type

Three positions are enough because any part of an expression can
be named with a binding and demanded through that name. Intro-
ducing the binding has no runtime cost, since equal subexpressions
already share one node in the interned graph.

A demand adds a graph node and prevents otherwise identical
folds with different lane contracts from sharing a computation. That
rules out the opening incident. Consider this example:

offset := sum(y)
replay total := sum(x * y)
result := total + offset

Two scoping rules apply:

1. The qualifier on total does not impose a replay demand
on offset in the later binding.

2. The qualifier covers the whole expression defining total,
including the multiplication as well as the sum.

The demanded lane in force is the ambient lane. The nodes that
feed a value, directly or through others, form its cone. When de-
mands nest, the inner one governs its own scope.

A lane in a function’s return type is a promise about the value
it hands back, and the body is checked against the promise rather
than covered by it. Folds in the body start free, and an inference
pass, which we call healing, strengthens the ones private to the
demand (§4.4). Every declared function is lowered and checked on
its own, including one without callers, and an argument is checked
in the caller’s scope against the lane on the parameter it fills.

3.4 The grammar and the typing rules

Figure 2 is the language the checker parses, with a superscript ?
marking an optional part, as in £’, and an overline a sequence, as
in a@. A call’s argument labels and arities are checked later, when
names are resolved to nodes. The three lane words and ungrounded
are reserved, which stops a variable from shadowing them and a
mistyped demand from silently becoming a variable name.

The rules define three judgements. Typing computes each value’s
lane and checks it wherever a demand is stated. Grounding decides
whether the program fixes a value’s bytes, and waiver whether
every leaf it does not fix, and every ungrounded call, carries a bless-
ing. All three read the resolved graph after healing (§4.4), where a
bound name stands for the node its binding built.
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7 ::=Float | Column[Float]
£ ::=exact | replay | approx
q::= ungrounded’ ¢
B ::=@bless | @bless(n)
opri=+|-|*|/ red ::= sum|isum scn ::i= scan
gen ::=indices | integers src ::= source
Aii=(x,x) =e|(x, x) = {b returne}
a::=el|x:el|order: oracle |with: A
e::=nl|x|(e) |eope]red@a)| scn(a)
| gen(a) | src(a) | choose(a) | iterate(a) | f(a)

bo=px:=e pii=Lxr B
d::=func f(p) qT{b returne} P ::= package xd

Figure 2: The grammar.

The grammar’s operations:

+ indices and integers generate a column of given length
« source models an external input, sized by its count

« sum and integer isum reduce a column

« scan gives a column’s running sums

« choose is a masked select, reading its mask and both arms
e iterate is a recurrence, repeating its with: step

program lane grounded | waived

func main() replay Float { promises replay

@bless raw := source(count: 8.0) exact no blessed
s := sum(raw) replay, healed no yes
total := sum(raw * s) replay, healed no yes

return total replay, met no yes

Figure 3: One program, read by the three judgements.

In Figure 3, the return promises replay, so healing strengthens
s and total, free folds private to that promise. The source raw is a
column the program does not fix, so nothing reading it is grounded,
and its blessing takes that obligation on. Demand replay on total
instead, return total + s from an unqualified main, and s escapes
the demand: healing may no longer strengthen it, and that variant
is refused with blame at both ends (§4.3). The judgements take four
forms, and typing has the first two and T-Fun’s ok:
T, et T; € Fping b T

TrHelg IF'elpw

Read the first as: under environment I and ambient lane ¢,, which
is @ where no demand is in force, expression e has type 7 and lane
¢, its computed lane or a weaker one. The binding form extends
I' with the name at that lane. In the others, g is grounded or not,
and wand a name’s subscript ¢ are waived or not. f marks e’s node
blessed for B-Bless. Healing fixes a healed fold’s kernel whatever £,
and o would pick, and 7, one metavariable for both types, is never
checked. In Figure 4, £; is a demanded lane and ¢ ¢ the lane a return’s
q writes; the ungrounded in q changes no lane. In T-Call, ¢; is the
lane a parameter declares and {; the lane its argument computes.
o is the order dial, absent or oracle, and oracle pins one sum’s
order and states no demand, and isum refuses it. T-Fun’s ok says a
function’s lanes check; acceptance also needs the waiver below.

Figure 4 leaves out the routine rules. A name has the lane its bind-
ing gave it; a literal, a generator and a source are exact; arithmetic

T;fdketre tC ey THel,w c

=w
- ¢ T-BinD
T5 € g B tyx 1= el x:7}

T e,-e:tt Trelyw ¢
T 4y Fping B° x i= e T x:7!

i T-BINDFREE

I e, et k = kernel(red, £,, 0) ¢, = class(x)
> ot T-ForLp
T; ¢, - red(e, (oxder: o)) : 7'«
e et = kernel(scn, £ £ =cl
e T Kk = kernel(scn, £,) . = class(x) T-SCAN

T; ¢, - sen(e) = Tt

Ty =x:79%t (i=1..k)
T OFe:tt

Tips @by by AT (=1..m)
£ C £y wherever {is written

T-Fun
= func f(p, ... o) q7{b,...b, returne}ok
fdeclares € x,:7; (i =1...k) and returns q 7
T8, Fa: 'rl.li ¢/ C ¢ wherever {; is written
T; t, - inline(f,a; ...q;) : 7' € C £ wherever {is written
a (f.a-a) f f T-CALL

T8, - f(a...q) : ©t
Figure 4: The binding, kernel and boundary rules.

and choose join their operands’ lanes; and subsumption, printed in
§4.1, lets any lane weaken along the order.

T-Bind checks a binding’s demand. It types the right-hand side
under the demanded lane, which becomes the ambient one, and
binds the name at the computed lane, not the demanded one. The
same rule without the comparison is T-BindFree, which keeps the
ambient lane it inherits. A blessing is allowed only on a source
or on a call to an ungrounded function (§4.6). It marks the node,
not the name, so every name for that node reads waived, even one
bound before it.

T-Fold is where the schedule enters. The ambient lane and the
order dial pick which kernel the reduction lowers to, and the ker-
nel’s row in Table 2 supplies the class, so a demand can change
which kernel is chosen but never a kernel’s class. Because join is
max, an approx fold overrides its inputs, while a replay fold leaves
the result no stronger than replay. T-Scan is the same rule for a
scan, which refuses the dial.

iterate joins like arithmetic, its lane a least fixed point over the
carried edge.

T-Fun’s body is typed under no ambient lane, so its folds
start free and are compared against the declared lane. The parame-
ters enter the environment at exact, the bottom of the chain, be-
cause a parameter’s lane, like its grounding, is the caller’s obligation.
T-Call checks each declared parameter lane at the call. Its inline
premise retypes the body under the caller’s ambient lane and its
arguments’ lanes, so a promise the body keeps only for stronger
arguments is refused at the call that supplies weaker ones. Outside
both rules, a returned binding whose own qualifier is weaker than
the declared lane is refused as malformed.

A leaf is grounded exactly when the program fixes its value. Any
other node is grounded exactly when everything it reads is, the
carried edge included, except an ungrounded call, which never is.
Waiver adds one case: a blessed source, or a blessed ungrounded call
over a waived body, counts as waived. An exact or replay demand,
on a binding, a parameter or a return, is accepted only if its lane
comparison holds and its value is waived.
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Table 2: The operation-class table: each kernel’s class, decided by what its output bits depend on.

Kernel Its bits are a function of Class Witnessing check

elementwise arithmetic nothing of its own: no reassociable combination, and the host compiler sits outside S neutral L2 (combination half)
§5.1)

data movement, literals nothing of its own: no combination at all neutral L2

external source the world outside the program, not the schedule; a demand over it is refused by the neutral, ungrounded L3, CC1,L2
grounding judgement rather than weakened

carried-state recurrence nothing of its own: strictly sequential, so it has exactly one schedule neutral L3, L4, L2

fixed-tree reduction (data, shape) replay 14,12, CC2

fixed-block scan (data, shape): each block scans serially and a serial base pass combines the totals replay L3,L4, CC3,L2

oracle-order strict fold data alone, and equal to the serial reference by construction exact L4 (reference comparison), CC4,

L2

exact-integer reduction data alone, and equal to the serial reference: while the column holds integers whose  exact L3, L4, L2 (chunking)
absolute values sum below 2°3, addition is exact, so the free order and the serial order
agree; outside that range, evaluation fails instead of rounding

free reduction, free scan the schedule: licensed to reassociate approx L4, L2

parallel scatter UNCHECKED: no parallel scatter exists here; named again in §5.5 approx none

transcendental functions UNCHECKED: lanelang names no maths library approx none

3.5 How each operation’s class is decided

So far, every rule moves classes around, and none of them decides
one. A class is decided once per kernel, before any program exists,
by one question: what are the kernel’s output bits a function of? If
the schedule is anywhere in the answer, the class is approx. If it is
not, the class is replay, or exact when the bits also equal the serial
reference under the fixed build. A kernel that combines nothing
is written neutral, and its lane is the join’s identity, exact, so it
contributes nothing.

Table 2 applies this criterion to the demonstration language’s
kernels in eleven rows, and other backends may supply more.

The kernel’s class is the strongest guarantee its result can carry.
Its inputs may weaken the result’s guarantee, but cannot strengthen
it beyond the kernel’s class. The typing rules use these classifica-
tions, written class (kernel), rather than derive them. When an
operation has several kernels, the lane demand and the order dial
determine which kernel is selected. The selected kernel’s class is
used in the join.

Why trust these classifications? The checker assumes each kernel
satisfies its assigned class; §5 states the supporting assumptions.

4 Propagation, checking and blame

The site where a demand is written cannot settle it, so the checker
brings the history to the site, folding everything upstream into one
class that rides the value, and the declaration then needs only a
local comparison.

4.1 The algorithm

The checker is a single forward pass over the graph, in dependency
order, computing at each node:

computed(v) = join(class(v), computed(in,), ..., computed(iny))

A recurrence’s carried value joins as one more input. At ev-
ery node that states a demand, computed(v) must lie at or below
declared(v) in the lattice’s order, or it is an error; nodes are con-
structed in dependency order, which is what lets one left-to-right
sweep suffice.

Except across a recurrence. A recurrence sequentially carries
its operand state across iterations, which a single sweep cannot
track. The sweep therefore runs to a fixed point, repeating until

a full pass changes nothing. When a change must cross d carried
edges, the sweep settles within d + 2 passes, one to climb, d for the
news to cross them, one to validate it is stable.

Lemma 1: the pass computes the declarative type. The typ-
ing rules say which programs should be accepted. The checker is
what actually decides, and if the two could disagree, the proofs
would certify a checker nobody ships. Lemma 1 says its sweep can-
not: for every node e of the healed graph, computed(e) is the least
class the join and T-Sub can derive for it. The statement has one half
per verdict. Because the sweep’s answer is always derivable, every
acceptance it grants is one the rules grant. Because it is the least
derivable, every rejection it issues is one the rules issue.

tCv

I e, e: t
v T-SuB

T ¢ he:rt

T-Sub lets a derivation answer any class above the join, so a
sweep that returned anything higher would reject a program the
rules accept. Hence the checker reaches the lane verdict the rules
derive at every binding of the healed graph. Healing runs before the
check, leaving Lemma 1 and §5.3 quantifying over the same graph.
Both halves are stated over the acyclic fragment, and a fixed-point
form of the lemma covers recurrence against the join alone.

4.2 Acceptance without demands

The checker enforces only what a programmer wrote.

A demand-only checker rejects a program only for lane demands
the program states, so one with none is never rejected.

This follows from checking each typing rule in turn. A program
stating no demand writes no qualifier, and every binding in it is
then typed by T-BindFree, which states no at-or-below condition.
Every rule that compares a computed lane against a demanded one
applies only where a qualifier is written.

Accepting an unannotated corpus therefore says nothing about
the checker’s ability to detect violations. Existing programs state no
demands because the syntax did not exist when they were written.
This is why §7 builds its evidence around things that can fail.
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4.3 Blame

On violation, the blame rule walks back along the input, carrying the

weakest lane, until it reaches a node whose class matches that lane.

That node introduced the weakness itself rather than inheriting

it, so it is provably a culprit, though not provably the nearest one.
The checker reports both ends and the distance between them.

Reporting only the demand site would invite the wrong repair,
which would be a weakened demand.

Figure 5 shows the diagnostic. It fires on the program below,
shown without its licence header and fixture directive; the figure
counts lines of the file itself, header included, which is why the
demand sits at line 21:

package app

func main() Float {
X := indices(count: 100000.0)
approx pre := sum(x * 0.25)
replay demanded := sum(x + pre)
return demanded

4.4 Healing

Introducing a name should not change a program’s determinism.

Here is one program, written two ways:
named: one producer healed

s = sum(x)
replay e := sum(x*s)

inline: nothing to heal
replay e := sum(x * sum(x))

Same program, same bits, one binding apart, and without healing
the first form is rejected while the second is accepted. A control
build without the healing pass must refuse the first form.

Making the two forms agree is healing’s job. A declaration will
often demand more than the producers above it promise, because
upstream code carries no annotations for it. The checker could
reject and make the programmer annotate every producer by hand.
Instead it heals.

The checker can heal a producer only if it is private to the demand,
with no live read-path out of the demanded cone. It rewrites the
producer’s class up to what the demand needs, as if the demand
had been written at the source. The pass is ordinary annotation
inference, and the privacy condition is what keeps it sound: pinning
a private producer changes nothing an outsider can see. Healing
never overrides a lane that a binding states, so a written approx
stays free, and that is why §4.3’s program is refused. If you drop
the approx qualifier, the producer heals.

Whether a producer is private is decided over every path
that reads it, and its direct consumers alone cannot decide it.
One fixture, entire but for its licence header and directive:

package app

func main() Float {
X := indices(count: 100000.0)
partial := sum(x * 0.5)
y := partial + 1.0
replay demanded := sum(x * y)
return demanded + y * 0.0

reject_poison.lane:21:5: error: determinism lane violation: this value
computes approx where replay is demanded. An unpinned schedule cannot
be recovered downstream: the rounding already happened. Pin the producer
by naming it with a replay or exact qualifier, or weaken the demand
21 | replay demanded := sum(x + pre)
| AANAAA the demand is stated here
. the guarantee was lost 2 steps upstream:
20 | approx pre := sum(x * 0.25)
| ~~~ introduced here

Figure 5: Blame from the checker, its note omitted.

partial has one direct consumer, y, and y feeds the demand,
so a test on direct consumers calls partial private and heals it.
But the return also reads y, so pinning partial would change bits
an outsider sees, and the checker refuses with blame on partial.
The checker follows every use of the producer, stopping at the
demanded value. Changes observed through that value are allowed
by the demand. The fixture is therefore refused.

A demand’s reach is decided by dataflow, not by where the
text sits, and healing is what makes that true. The qualifier
itself covers only its right-hand side. Healing reaches the named
producers above it.

A declared return lane covers nothing at all, a promise checked
against the body rather than an ambient over it, so where no other
lane is in force, a fold reaches the fixed tree by healing or not at all.
A return demand heals the same way, through a node of its own
that wraps the returned expression, and the body’s producers are
private to that node when nothing outside the body reads them.

4.5 Grounding

A column read from a file can carry replay as legitimately as the
literal 3.0, because reordering is not its problem, and that is the
danger. Whether the file holds the same bytes next run is a fact
about a deployment, not about arithmetic, and the lane has no way
to ask. One fixture:

package app

func main() Float {
X := source(count: 1000.0)
replay energy := sum(x * 2.0)
return energy

Everything the lane can see is faultless, and yet the fixture is
refused, because the program has no way to know what bytes x will
hold next run. Grounding is the judgement that refuses it. It asks
whether the program fixes a value’s bytes at all, and a value the
program does not fix is ungrounded. Everything that enters from
outside the program enters that way, because no rule inside the
language can settle its bytes.

grounded is one bit per node, and it is a conjunction where
the lane is a join. A leaf is grounded when the program fixes its
value. Literals and generated columns are; an external source is
not. Every other node is grounded exactly when all its reads are,
including the carried edge, except a call to a function whose return
type carries the ungrounded qualifier, which never is.

There are three ways out of the refusal: vouch for the input with
a blessing, take it as a parameter so the obligation becomes the
caller’s, or weaken the demand to approx.



4.6 Blessing

Grounding’s refusal is right about the world and unfair to a pro-
grammer who knows their input is fixed. The lane over such a value
is genuinely replay, because a fixed-tree fold is a fixed-tree fold
whatever the bytes were, and yet the only spelling that compiles,
approx, is a licence to reorder the programmer never meant to
grant.

@bless closes that gap without weakening anything. It attaches
to a binding whose value is a source or an ungrounded call, and it
does not make that value grounded. What the blessing adds is a
second way past grounding at the declaration: a demand whose
every source and ungrounded call in its cone is blessed is waived.
The refused fixture of §4.5, blessed with a checksum:

package app

func main() Float {
@bless(@x1234abcd) x := source(count: 1000.0)
replay energy := sum(x * 2.0)
return energy

The fixture is now accepted. A blessing is written on a binding
and covers the value that binding names, and no other.

The conditional form matters, because it turns a claim
into a receipt. A bare @bless is an unverified human promise. A
conditional @bless(. . .) states what must hold of the input, and
the run refuses before any arithmetic over that column when it
does not, which turns the promise into something a machine can
check. Which conditions a language offers is the implementer’s
choice; this artefact ships one, a checksum over the loaded column.

5 Determinism safety

So far a lane is a label the checker moves around, and no result says
the label means anything about bits. Section 5 closes that gap: it
defines which runs must agree (the semantics), states the two facts
about arithmetic the proofs take on trust (the assumptions), and
proves that an accepted program keeps its promise (both theorems).
Reproducibility is a claim about pairs of runs, so the proofs walk
two runs side by side (Figure 6).

program 2 workers 8 workers promise
x := indices(count: 100000.0) generated generated agree
exact

may differ

a := sum(x) 2 chunks 8 chunks Y

approx
1oy b o= agree
replay b := sum(x) fixed tree fixed tree replay
diffe

return a - b reads a, b reads a, b fay citier
approx

Figure 6: Both theorems on the opening program. The worker
count picks how a free sum is chunked, and a fixed tree
depends on the input’s shape alone. a - b may differ because
it reads a, which lies outside b’s demand, so nothing heals it.

5.1 The schedule-indexed semantics

A promise that bits will not move is empty until you say what may
move. We draw that line where the artefact can witness it, and a
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source of variation is inside the promise only if a check varies it
and watches the bits.

Given that standard, let S be the checked schedule set: every
combination of worker count and traversal order, the two settings
the evaluation varies. A pair from S might be two workers under the
fused traversal against eight workers under 7-wide tiles. S excludes
exactly three things: the host compiler, the vector width, and the
ABI version.

Then add one schedule no deployment ever runs, oracle, the
serial reference fold under the fixed build, and write S+ for the
enlarged set. By definition, oracle counts as its own schedule, even
if some deployment schedule happens to compute the same bits.
At oracle every combining kernel is replaced by the serial fold,
whatever its class, and that replacement is the line between replay
and exact, because a fixed tree agrees across S and may still differ
at oracle. Write bits(e, s) for the bit pattern e computes under
a schedule s from S+, with the same inputs for every schedule.

We do not say how bits is computed. The proof treats it as a
black box, and Assumption 1 is the only fact about the arithmetic
it may use. Theorem 1 is therefore parametric: it holds for any
arithmetic that satisfies Assumption 1, so its content is the lattice
argument, not a fact about floating point. Such a theorem would be
about nothing if no real arithmetic satisfied its assumption. A model
evaluator, the artefact’s kernels restated in Cogq, is the witness that
one does, in a separate development with an audit of its own.

Each class names the set of schedule pairs its bits must agree
across, written agrees:

agrees(exact) is every pair from S+, agrees(replay) every
pair from S, and agrees (approx) is empty.

Each set strictly contains the next, and that strict containment is
what puts exact at the bottom: the bigger a class’s agreement set,
the stronger its promise, and the strongest sits lowest.

5.2 The two assumptions

The proofs take two facts about the arithmetic on trust, one over
schedules and one over worlds.

Assumption 1. Each kernel honours its assigned class. With
identical operands, its output agrees across the schedule pairs that
class covers. For an operation o, class (o) is the class of its selected
kernel.

Take any operation o and any schedule pair in agrees (class(0)).
If the operands of o agree bitwise across the pair, the bits of o agree
too.

A recurrence’s carried value counts as an operand, and an approx
operation covers no pair, so it owes nothing.

Assumption 2. The world has one door into a program, the exter-
nal source, and every other operation computes from its operands
and nothing else. It is Assumption 1 the other way round, with the
schedule held fixed and the input bytes varied.

Take any operation o other than an external source, and any pair
of worlds at one schedule, a world being one assignment of bytes to
every external input. If the operands of o agree bitwise across the pair,
the bits of o agree too.

Grounding relies on it, and it assumes nothing about the sched-
ules or the rounding.
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5.3 Theorem 1 (schedule agreement)

An accepted demand delivers the determinism it asks for. Run
an accepted program twice, under any two schedules its demand
covers, and the demanded bits agree. For a node u in the computa-
tion graph, the accepted-demand result carries these conditions:

(1) the program is well formed, in the sense that every operand
of a node, its carried value aside, is an earlier node;

(2) every operation in the program satisfies Assumption 1;

(3) each node’s lane is computed(u), the join of its own class
with its inputs’, a recurrence’s carried value among them;

(4) choose any schedule pair (s, s') for which:

(a) “carried agreement” holds: at every recurrence whose
own lane demands agreement over (s, s'), the carried
value the two runs read agrees;

(b) u is a node whose declared lane £ covers the pair, mean-
ing (s, s') liesin agrees({;);

(5) u passes its lane check at £;: computed(u) is at least as strong
as the declared demand.

Then the demanded bits of u agree across the pair.

Carried agreement is a separate premise because the carried edge
can point forward, beyond what the graph induction reaches. The
C evaluator runs recurrence steps strictly in index order, so the
carried value a tick reads was settled the tick before. That meets
premise (4a), but outside the mechanised proof, because the model
does not represent those steps.

Figure 6 applies the theorem to the opening program at two
workers and at eight. The pair of schedules lies in agrees (replay),
so the theorem covers b, and the difference the return computes is
exactly what the incident’s merge once destroyed.

The result is the sentence a programmer relies on: declare
alane, be accepted, and the bits agree across every pair that
lane covers. Coq proves agreement over every pair the computed
lane covers, and with condition (5) over every pair the declared
lane covers, because a computed lane at least as strong as £; covers
every pair £; covers.

Adding a demand can change arithmetic order and there-
fore the result’s bits, by design. The theorem applies to the healed
graph. Healing can select stronger kernels for upstream producers,
changing their arithmetic order and potentially their result bits.

The theorem makes a replay or exact value agree with itself
across runs, while approx promises nothing, so while worker count
and data delivery may differ, the demanded bits do not.

5.4 Theorem 2 (the poisoning law)

Once a value has reached approx, nothing downstream re-
stores the guarantee. However strict the later operation, the bits
it reads were already made under a free schedule, and no kernel
recovers what a different order would have produced.

If computed(u) = approx and u is an input of v, then
computed(v) = approx, whatever the operation class of v. The
proof is one line: join is max on the chain and approx is its top.

Consequence. No per-call API is sufficient. A check at v’s call
site inspects v’s operation and its operand values, neither of which
records u’s schedule history.

5.5 What is proved, and what is not

Fourteen results are mechanised in Coq: seven from nothing at
all, and the other seven from only the eight axioms that frame the
semantics, the schedule set, its oracle, worlds and bits. Proved:

« both theorems, and the consequence for declarations;

« Lemma 1 in both directions, its fixed-point form, a bound
of twice the node count on iteration from the bottom;

« the chain’s two strict containments;

« five results about grounding, chief among them that a
waived value’s bits agree across two worlds that agree on
its blessed inputs, at one schedule.

Not proved: Assumptions 1 and 2 themselves, or carried agree-
ment, across schedules (premise (4a)) or across worlds; that debt
remains. Nine of Table 2’s eleven rows are proved of the model’s
kernels. The two remaining, parallel scatter and transcendentals,
are unchecked.

6 The lowering obligations

An accepted program is a promise the backend must keep, and the
backend owes each class something different.

6.1 Where the type system’s responsibility ends

A checker can prove which kernel an operation lowers to. It can-
not prove what that kernel does with the schedule, an arithmetic
fact typing cannot reach. Treating the two as one obligation lets
a determinism guarantee rest on a claim no check tested. In the
artefact, two obligations are discharged by the evaluator’s kernels
and one by its checksum guard. Table 3 lists the backend obligations
alongside this artefact’s mechanisms, checks and remaining gaps.
Every row but the last is imposed by a class; the last is owed by the
human who wrote the blessing (§4.6).

Table 3: Lowering obligations: what is owed, what discharges it, and what witnesses it.

Obligation Lanes Mechanism Gate Status

fixed reduction tree, block scan replay the evaluator’s fixed-tree kernel: blocks, then block results, 14,12, CC2, CC3 checked
folded strict left to right; scans in frozen 64-wide blocks

oracle-order fold, integer guard exact the evaluator’s serial strict fold; isum refuses at 2°3 L4,L2, CC4 checked

contraction (fused multiply-add) replay, exact the build’s -std=c11, under which this toolchain does not none unbuilt

disabled contract; no gate reads the emitted code

canonical parallel scatter replay none: the only scatter here is serial none unbuilt

fixed math library replay across platforms none none unbuilt

FTZ/DAZ and rounding mode all not pinned none unbuilt

blessed input unchanged any the evaluator’s checksum guard, refusing the run before any L5 checked

arithmetic over the column




6.2 The operation picks the kernel

A result’s computed lane does not change the kernel that
produces it. The ambient lane, the order dial and healing pick the
kernel before the checker runs. Lanes are computed afterwards
for the checker; they do not feed back into kernel selection. If a
computed lane could feed the choice, one class would denote two
bit patterns depending on what was asked of it, which inverts the
guarantee. This means that even when an input causes the result’s
lane to be approx, the operation keeps the arithmetic order it was
given.

In short, a sum can request a particular arithmetic order without
demanding a stronger lane.

6.3 What a lane costs the optimiser

Lane demands constrain which optimisations are allowed. After a
transformation, the checker recomputes the lanes and verifies that
every remaining demand is satisfied.

Map-into-map fusion, tiling and dependence-preserving reorder-
ing are allowed when they preserve each element’s arithmetic
and any required reduction grouping. Fusion needs additional care
where a fold receives the fused work: parallelising a map and re-
duction as one loop can change how partial sums are formed and
combined. Fusion itself is allowed if the required grouping stays
fixed. Six programs, each run at five traversals and four worker
counts, check that preservation: a value under a demand holds one
bit pattern across all twenty cells, and a value under no demand
holds up to four.

For replay, reduction splitting must preserve a fixed arith-
metic grouping. Halide’s rfactor splits an associative reduction
into partials under an associativity proved in the reals [40], and
floating-point bits do not obey the reals. The control makes the
grouping depend on tile size by accumulating a partial sum per tile;
the schedule check catches changes in results that were required to
stay identical.

The class must also survive value numbering, and we learnt
that from an incident. The incident is §1’s four-line program. Its
two reductions over the same column, one demanded replay and
one not, are structurally identical and must not merge, because they
have different lowering contracts. The compiler this work grew from
interned nodes before lanes were stamped, so the twins merged and
were re-stamped with the stronger lane, silently pinning a cone the
program did not ask to pin. We now put the contract in the interning
key; control CC5 tests the fix. A merge that changes no value can
still lose a schedule contract. Spark states the discipline for source
nondeterminism. We found none stating it for the floating-point
schedule class.

What adoption cost one compiler is reported, and a reader
cannot rerun it. In the production compiler the incident comes
from, adoption touched an annotation on the syntax tree, a module-
wide ambient lane, one integer on the IR node, three fields in the
value-numbering key, one join pass, one heal pass, and a registry of
sixty-nine rows. It changed nothing in that compiler’s type checker,
and it found eight lane defects, two of them unsound acceptances.

Optimisation can change how work is scheduled, but it must
preserve the arithmetic grouping required by a demand and keep
distinct lowering contracts separate.
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7 Evaluation

What is evaluated, and by which figure. The checker agrees
with an exhaustive path enumeration on 58,245 node answers over
random graphs and 47,738 over front-end-built ones, with zero
mismatches, and 8,000 metamorphic assertions over three prop-
erties check that enforcement is monotone and mutates nothing.
The evidence is then audited, through the ten occasions on which
a passing check had proved nothing and the nineteen must-fail
controls, each watched as it fires. Two experiments close the sec-
tion, the composition gap inside NVIDIA’s own toolchain and the
opening failure replayed with its repair beside it.

The assertion counts are machine-independent because every
generator is a pure function of (seed, n, i). The evaluator it-
self is single-threaded, and a worker count selects the chunking,
so every schedule in S is exercised as the bracketing it induces,
never by concurrent execution. Reproduce with . /reproduce.sh
and ./controls.sh; every check and its command is tabulated in
the artefact (Appendix A).

Because the lattice runs at compile time, a demand’s execution
cost comes from the kernel it selects. This single-threaded evaluator
cannot measure that parallel cost. For context, vendor figures report
overheads of 15 percent or more with LS-DYNA’s serial assembly
[25] and 20 to 30 percent for NVIDIA’s cross-GPU reproducibility
on large inputs [3]. These are external measurements, not timings
of this artefact.

A check is one of the artefact’s numbered test programs, and a
control is the deliberate fault of mutation testing [15], staged for
a check to catch. A receipt is the status line a check prints, which
is what a claim cites as its witness. But a check is another claim
about the code, and a claim can rot like any other. Three things stop
checks from needing checks of their own. Every control must fire,
and a control that does not means its check is decorative and the
run fails. §7.2 asks of every passing check what it could have caught.
Finally, two pieces of evidence are not check-shaped at all, namely
the exhaustive path enumeration in §7.1 and the mechanised proof
in §5.5.

7.1 Testing the checker’s lane calculations

How do we know whether the checker assigns the right lane
to every value? We test this by generating programs and compar-
ing the default fast join algorithm with an independent calculation
that follows every dependency path. We then check how its answers
behave when demands change.

The two calculations work differently:

+ The default checker calculates a node’s lane from its ker-
nel class and the lanes already calculated for its inputs. It
reuses those answers as it moves through the graph.

+ The exhaustive reference traces every route from the
original inputs to a node and takes the weakest class found
along those routes. It follows each route separately instead
of reusing an intermediate node’s calculated lane.

This differential test [27] found zero mismatches: L7 compared
58,245 node answers over 2,000 random graphs of 8 to 50 nodes.
L6 also generated well-typed source programs, parsed, resolved
and healed them, and compared 47,738 node answers with zero
mismatches.
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The methods share two primitives, so they test dependency han-
dling rather than independently validate the join itself. Generated
programs contain no function declarations or recurrences; those
remain covered by fixtures.

Metamorphic tests [12] add 8,000 assertions: weakening all de-
mands to approx yields no violations and never turns acceptance
into rejection (M1); strengthening replay demands to exact never
decreases the violation count (M2); and checking twice leaves the
verdict and graph unchanged (M3).

7.2 'When passing checks missed defects

In place of a no-regressions figure we report the opposite one: every
occasion on which a check of ours passed although it could never
have failed on the defect it was written to catch. There are ten, found
across the twelve checks the artefact runs and the measurements
and controls behind them. Four bear directly on the type system
and follow; the rest are catalogued with the artefact (Appendix A).

1. The invariance check measured the wrong graph. §5.3
constrains the healed graph, and the check evaluated the graph as
written. It went unseen while every program it ran annotated the
fold directly, where no producer needs healing. The first program
that needed a heal reported four bit patterns where the accepted
program has one.

2. A value test blind to a merge. §6.3’s incident is two struc-
turally identical reductions with different contracts collapsing into
one, and no assertion over values can see it. The check needs a
fact about the merge, and the check that catches it asserts over the
emitted kernels instead.

3. Every schedule-varying check asked whether a value
agreed with itself. Varying the schedule and comparing bits is a
question a deterministic and consistently wrong kernel answers
correctly. No check in the suite compared a value to the serial
reference that exact names, which is the content of that class. L4’s
reference comparison is the repair, and control CC4 is a build that
discharges one lane with two different bit patterns while leaving
every invariance assertion green.

4. The round-trip check could not see the healing it names.
L6 heals each generated program, then compares every node’s lane
against the path enumeration. Both sides read the healed graph,
and deleting the pass changed no verdict. The repair also reads the
lanes before the heal, and requires the generated programs to move
some: 371 producers strengthened, and 2,809 of the 47,738 answers
changed.

All ten were green when found, and none was found by a test
failing.

7.3 The checker’s must-fail controls

The controls are nineteen in all, numbered CC1 to CC19. Seven-
teen break a build of the checker, the evaluator, or the mechanised
proof. CC6 and CC8, a malformed program and the kill switch, an
environment variable that disables the checker, assert directly on
the shipped binary. CC17, for example, switches healing off, and
that build must then reject the fixture accept_healed, which the
normal build accepts.
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7.4 Testing the limits of per-call guarantees

A per-call determinism guarantee may not cover the computations
that produced its inputs. We test this composition boundary using
NVIDIA’s CCCL: can a downstream call enforce agreement when
its input comes from an unguaranteed reduction? Check L1 runs
the experiment with the vendor’s compiler and headers.

Three programs are compiled with nvcc against the CCCL head-
ers. Two test requests the library must reject locally. One combines
an unsatisfiable determinism level, operator and element type; the
other passes a determinism property without require. Both fail to
compile, each with its own named diagnostic. The third takes the
result of a not_guaranteed reduction and feeds it to a run_to_run
one. It compiles without a word. The second reduction runs over
one element, which no schedule can reorder. The case therefore
rests entirely on what the result carries, and it carries nothing for
the second call to check. The two rejections are what make the third
case mean anything.

A LaneLang fixture tests the same dependency pattern. A free
fold is passed to a parameter declared replay and is also read
elsewhere by the caller, so healing cannot strengthen it. The checker
refuses the call with blame at both ends. LaneLang therefore rejects
this dependency where CCCL accepts it.

7.5 The opening case, replayed

The paper opened on 10,179 rerun datasets, and 31% changed
trees. The authors’ stated mechanism is that parallel reductions
re-associate as a function of the core count, and the drifted
likelihoods then reach the comparisons that steer the search [39].
A drift in a low digit matters most once a branch reads it.

Check L4 replays that shape at this artefact’s scale, as a free fold
feeding a recorded-value test:

package app
func main() Float {
X := indices(count: 100000.0)
approx s := sum(x * 0.5)
picked := choose(when: s - 0.0042511812704049134,
then: x * 0.0 + 3.0,
else: x * 0.0 + 5.0)
total := isum(picked)
return total

The constant records the sum from a serial run, making this
a regression test against a golden value. indices generates ill-
conditioned cancellation pairs from a fixed seed, not @, 1, 2. A
non-zero mask picks then; zero picks else.

Across the twenty schedule cells, the free version takes both
branches: every worker count but one differs from the recorded
sum, in the eighth significant digit. Making the producer replay or
exact gives a stable answer across all twenty schedules. The exact
repair matches the recorded serial result and takes else; the replay
repair consistently takes then, illustrating that repeatability does
not require the serial answer.

Demand replay of the result while the mask stays free, and the
checker refuses with two-span blame naming the fold (a refused
fixture of L3). The regression test that would have broken under a
different worker count is instead refused before it ever runs.



8 Limitations

One limit is the design’s reach as shipped: Table 2 leaves transcen-
dentals at approx, so no fold fed by an exp could demand replay.
Every other limit here is a limit of the evidence, not of the lattice.
Each receipt is one machine, one toolchain, so no claim is made across
devices, GPU vendors or CPU ISAs; the evaluator’s kernels are the
only backend anything here witnesses.

In addition, FTZ/DAZ (flush-to-zero and denormals-are-zero)
and the rounding mode are not pinned, although an exact replay
must run under the same flags, and no check covers them.

A demand over external data rests on a human (§4.6); an input
that varies by nature, a live stream say, stays ungrounded.

Determinism safety is conditional on Assumption 1’s operation-
class table and the fixed build; §5.5 states what is unproved.

The language is a demonstration, not a production compiler: pure,
first-order, non-recursive, no transcendentals, one numeric type,
and no type checking over its two types, Float and Column[Float].

9 Related work

Table 1 (§2) surveys the mechanisms that govern reordering.

Determinism is already checked at plan time. Flink, with its
update-strategy check enabled, can reject a query whose column
“can not satisfy the determinism requirement” [42], and Spark’s Cat-
alyst computes a per-expression deterministic property as a meet
over its children, whose semanticEquals refuses to merge nonde-
terministic twins: §6.3’s lesson, already shipping [45]. Spark also
grades each dataset determinate, unordered or indeterminate by
whether a rerun returns the same rows, taking the least determinis-
tic of its dependencies [44]. Determinism checking with blame over
a dataflow plan is not new. Each of these grades records or source
nondeterminism, imposed by the engine, and none grades the bits
of arithmetic, as an open Spark report illustrates, in which a float
sum differs by one bit on a retry and the retried stage duplicates
and drops rows [43].

Graded determinism as a checked type. Mercury has had
compiler-checked determinism declarations since the 1990s [38],
and the graded systems after it each grade a different subject [10, 14,
17, 23, 30, 31, 37], while graded comonads and coeffects [35] grade
a variable’s use, where this work grades a value’s whole history,
joined over the dependency graph. The machinery is claimed from
none of them, and the lattice frame itself is Denning’s [16]. The
nearest floating-point analysis, Gu and Wahl’s, bounds per value
what any compliant compiler could compute on a test input and
proposes a fix, where this work checks a declaration [18].

The discharge into lowering is not novel either: EnerJ lowers its
qualifiers into approximate storage and functional units [37]. Nor is
a three-level vocabulary ours, since Veit’s kernel contracts publish
BITWISE | RUN_TO_RUN | NONE for ML kernels [53], declared per
kernel and checked by repeated invocation on one machine. In
contrast, a lane is carried on a value. That work reaches composition
and names it as future work in its own voice: what two contracted
kernels compose to is, in general, not directly the conjunction of
their contracts.

Properties on array types. SaC’s type patterns carry shape
constraints per signature, re-established at every application and
never carried on the value [1].

12

M. A. ). Haddon

Licences inside a value grammar. Icing comes nearest, putting
the optimisation licence inside the value’s grammar [8]; verified
compilation of floating-point programs continues that line [9]. Icing
is strictly sequential, quantifying over which compiler rewrites fired,
whereas we quantify over which runtime schedule ran.

Fixing the order. Fixed-shape summation appeared indepen-
dently at least four times between 1964 and 1970 [6, 24, 26, 36], and
it is still being improved, from numpy’s partial pairwise summation,
applied conditionally [51], to oneTBB’s deterministic reduce [52] to
ReproRed [39]. Sixty years of implementations pin the order; what
none of them publishes is the checked contract.

Not fixing the order. Where the family above pins a schedule,
Demmel and Nguyen’s reproducible summation and ReproBLAS
make the sum order-independent so that no schedule can disagree
[2]. Although it looks like an exact mechanism, it is an alternative
discharge of replay: a function of the data alone that can still differ
from the serial fold’s answer.

The nearest structural precedent, in security rather than
numerics. FaCT [11] grades a per-value secrecy label, joins it along
the dependency path, checks it against a declared one, rejects where
a linter would advise, and discharges declassify-free code into a
constant-time lowering obligation: every element of §2.1, in another
subject, in 2019. What differs is the quantifier.

Their pair of runs holds the program fixed and varies the secret,
observing a leakage trace [4, 5, 7], whereas ours holds the input
fixed and varies the schedule, observing the bits. Both are 2-safety
properties, each blind to the other’s subject.

10 Conclusion

A demand carried on the value and joined over its history is enough
to make reproducibility implementable with a type. The schedule
is one subject amongst many, and a neighbour of this work already
grades another. The Determinism Checker carries a three-point
class of the same shape over nondeterminism in sequential code
[31]. Swapping the operation-class table extends this design to
other sources of nondeterminism in dataflow code.

The opening program’s free and replay folds now lower to two
kernels, because the contract is part of each value’s identity and no
merge can drop it. In such a language, these bits must not depend on
the schedule is a sentence the compiler checks.

A The artefact

The artefact is at https://github.com/politepixels/replay-lattice-
paper and archived at https://doi.org/10.5281/zenodo.23655048.
Check ids (L1 to L12) and control ids (CC1 to CC19) name entries
in its registry, ARTIFACT .md, which gives each one’s command and
expected result.


https://github.com/politepixels/replay-lattice-paper
https://github.com/politepixels/replay-lattice-paper
https://doi.org/10.5281/zenodo.23655048
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